
On some Möbius transformations
generating free semigroup
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Abstract. A complex number λ is called a “semigroup free” if the semigroup gener-

ated by matrices

[

1 2
0 1

]

and λ =

[

1 0
λ 1

]

is free. In the paper we give a short survey of

the results about domains of semigroup free points on the complex plane. We make
also a graphical visualisation of this domain.
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1. Introduction

Let λ be any complex number and let

A =

[

1 2
0 1

]

, Bλ =

[

1 0
λ 1

]

, Cλ =

[

1 λ
0 1

]

, J =

[

0 1
1 0

]

are the matrices from GL(2,C). A number λ is called a ”free point” or ”free” if
gp(A,Bλ) – the subgroup generated by A and Bλ is free (otherwise it is called a ”non-
free point”). If sgp(A,Bλ) – the semigroup generated by A and Bλ is a free semigroup
then λ is called a ”semigroup free point” or ”semigroup free” (otherwise it is called
a ”semigroup nonfree point”).

The natural question is which complex numbers are free (or semigroup free). There
are two main approaches to that question:
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(a) enlarging the set of known free points which form an open set (see Figure 1 –
the set outside the black area) – the most important results are presented in
[23, 3, 5, 20, 10, 16, 17, 26];

(b) determining new families of nonfree points (for example [25, 2, 8, 13, 21, 18, 14,
15, 22, 6, 12]).

We recall some facts proved in [27], Proposition 2.1.

Property 1.1.

(i) Let A1, A2, ... be any square matrices of the same order over the same ring. If
the group gp(A1, A2, ...) is free, then the semigroup sgp(A1, A2, ...) is free.

(ii) Let 2λ = νµ. Then the semigroup sgp(A,Bλ) is free if and only if sgp(Bµ, Cν)
is free. The same fact holds for the groups gp(A,Bλ) and gp(Bµ, Cν)

(iii) The semigroup sgp(Bµ, Cµ) is free if and only if sgp(Bµ, J) is a free product of
cyclic semigroups generated by Bµ and J . The same property holds for groups
gp(Bµ, Cµ) and gp(Bµ, J).

(iv) Every transcendental λ is free (and hence semigroup free) [7].

Note that there is an isomorphism between PSL(2,C) and the group of homo-
graphic functions namely

ϕ

([

a b
c d

])

=

(

z → az + b

cz + d

)

.

Let

α = (x 7→ x+ 2) , βλ =

(

x 7→ x

λx+ 1

)

, γλ = (x 7→ x+ λ) , ι =

(

x 7→ 1

x

)

.

Then
ϕ(A) = α, ϕ(Bλ) = βλ, ϕ(Cλ) = γλ, ϕ(J) = ι, βλ = ιγλι.

Then sgp(A,Bλ) is free if and only if sgp(α, βλ) is free.
Further we will consider homographic functions instead of matrices.
Let G be any subgroup of PSL(2,C). By [24], Definition 2.1.1, an elements of

a group G form a normal family in a domain Ω(G) ⊂ C if every sequence of elements
{gn} ⊂ G contains either a subsequence which converges to a limit element g 6≡
∞ uniformly on each compact subset of Ω(G), or a subsequence which converges
uniformly to ∞ on each compact subset.

If G is discrete then the set Ω(G) on which the elements form a normal fam-
ily is called the regular set of G. For these groups, the set of λ’s, for which
Ω(gp(α, βλ))/gp(α, βλ) is a four times punctured sphere is called The Riley slice of
Schottky space and consists of free points [19].

In the Figure 1 (due to David Wright, see for example [19]), the Riley slice of
Schottky space is the set of points lying outside the black area. Thus the complement of
the Riley slice is the black quasi-rhombus which has vertices at the points 2,−2, i,−i.
This Figure includes all information about free points we can get from publications
mentioned in (a). However, there are no papers describing the algorithm of this fractal
creation.
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Fig. 1

Our aim is to collect all known facts about semigroup free points. In contrast to free
points, semigroup free points are not so recognized and to prove that some complex
numbers are semigroup free or not, we need often different and more complicated
methods. For example, for gp(A,Bλ) to be nonfree we only need to find any nontrivial
word W (A,Bλ) which is equal to identity while sgp(A,Bλ) is nonfree if and only if
either there exists any nontrivial word W (A,Bλ) with positive exponents which is
equal to identity matrix or if two different words with positive exponents are equal.

2. Semigroup free points

The first result was Theorem 2.6 in [4] and it can be described by Figure 2, where
points outside the grey area are semigroup free.

Fig. 2
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Bamberg used a computer program to find some free points and showed his result
in the Figure 4 in [1]. In this figure, white points outside the black area represent
free points, white points inside the black area represent nonfree points. The border of
the black area consists of some arcs and lines based on [5, 20, 9, 11]. Thanks to the
picture with the Riley slice of Schottky space (which consists of free points) from [19]
and Proposition 1.1 (i), the border in the Figure 4 in [1] can be improved. In [27],
Corollary 3.6, the author presents another picture (see Figure 3) based on Figure 2,
Figure 4 in [1] and Corollary 3.2 in [27]:

Fig. 3

Property 2.1. In the Figure 3:

(i) White points outside the grey and black areas are free.
(ii) White points inside the black area mark area where the set of nonfree points is

“almost dense” 1 and these points are semigroup free at the same time.
(iii) All points outside the grey area are semigroup free.

We will show that the set of known semigroup free points can be enlarged. First
we recall some known results.

Property 2.2. ([27], Proposition 2.2) Let a1, a2, b1, b2 ∈ R, b1 6= 0 and b2 6= 0. If

z = a1 + a2i+ (b1 + b2i)t, t ∈ R

is the parametric equation of a line in the complex plane C, not including the origin,
then the transformation ι : z −→ 1

z
maps this line into a circumference (which includes

origin) defined as
∣

∣

∣

∣

z +
b2 + b1i

2(a2b1 − a1b2)

∣

∣

∣

∣

=
|b1 + b2i|

2|a2b1 − a1b2|
.

1 The area of nonfree points is called “almost dense” if every pixel in this area contains a nonfree
point [1].
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By Lemma 2.5 and Corollary 2.6 in [27], we have:

Lemma 2.3. Let G be a group which acts on the set X and let H1, H2 be infinite
cyclic semigroups of the group G. Let X1, X2 be two nonempty disjoint subsets of the
set X such that

(i) for every h1 ∈ H1, h1(X1 ∪X2) ⊂ X2,
(ii) for every h2 ∈ H2, h2(X2) ⊂ X1.

Then the semigroup generated by H1 and H2 is free.

Let λ = λ1 + λ2i, where λ1, λ2 ∈ R and let

X1 = {z ∈ C : λ2Re(z) < −λ1Im(z) < λ2Re(z − 2) ∧ Im(z) > 0},

X2 = {z ∈ C : λ2Re(z − 2) < −λ1Im(z) ∧ Im(z) > 0},
H1 = gp 〈αλ〉 , H2 = gp 〈βλ〉 .

Then for every natural m,n:

αm(X1) =

= {z : λ2Re(z−2m) < −λ1Im(z−2m) < λ2Re(z−2m−2) ∧ Im(z) > 0} ⊂ X2

and αm(X2) ⊂ X2. Without loss of generality, we assume that λ2 < 0. The equality
λ2Re(z − 2) = −λ1Im(z) defines a line

z = 1 +
λ2

λ1

i+ (λ2 − λ1i)t, t ∈ R.

Hence by Property 2.2, ι(X2) is an intersection of the circle
∣

∣

∣

∣

z − 1

4
+

λ1

4λ2

i

∣

∣

∣

∣

<

√

λ2

1
+ λ2

2

−4λ2

and the half-plane {z ∈ C : Im(z) < 0}. To simplify the notation, let

r(ι(X2)) =

√

λ2

1
+ λ2

2

−4λ2

.

The sets ιγλn(X2) are tangent to the line λ2Re(z) = −λ1Im(z). Because the vector
[λ1, λ2] is parallel to the line λ2Re(z) = −λ1Im(z), the sets ιγλn(X2) are tangent to
this line for any natural n and z ∈ ιγλn(X2) implies Im(z) < 0.

We will find the conditions implying

ιγλ(X2) ∩ ι(X2) = ∅ (1)

(i) Let λ2 > λ1 (see Figure 4). Then (1) holds if 2r(ι(X2)) 6 |λ1 + λ2i| and hence
− 1

2
> λ2 (observe that − 1

2
> λ2 > λ1 imply 8λ1 > 1− 16λ2

2
).

(ii) Let λ1 > 0 (see Figure 5). Then (1) holds if

|λ2| > r(ι(X2))−
√

r2(ι(X2))−
1

16
.
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(iii) Let λ2 6 λ1 6 0 (see Figure 5). Then (1) holds if

|λ2| > r(ι(X2)) +

√

r2(ι(X2))−
1

16
.

Fig. 4

Fig. 5
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Each of the two last inequalities is equivalent to

4λ2

2 + λ1 >

√

λ2

1
+ λ2

2
. (2)

If 4λ2
2 + λ1 < 0 then inequality (2) is false so let 4λ2

2 + λ1 > 0. Then the inequality
(2) can be transformed to

8λ1 > 1− 16λ2

2 (3)

(observe that 8λ1 > 1−16λ2

2
implies 4λ2

2
+λ1 > 0). Hence (3) implies ιγn

λ (X2)∩ι(X2) =
∅ and βn

λ (X2) = ιγn
λ ι

n(X2) ⊂ X1 for any natural n and hence by Lemma 2.3, λ is
semigroup free.

If we assume that λ2 = Im(λ) > 0 then we also get (3).
All the above considerations give us the following

Theorem 2.4. If 8λ1 > 1 − 16λ2

2
and λ2 6= 0 then λ = λ1 + λ2i is a semigroup free

point.

We present results from Theorem 2.4, Figure 1 and [4] (Theorems 2.5 and 2.6) at
the Figure 6.

Fig. 6

Theorem 2.5. Points outside the grey area at the Figure 6 are semigroup free points.

3. Semigroup nonfree points

To show that sgp(A,Bλ) is nonfree it suffices to find two different words W1(A,Bλ)
and W2(A,Bλ) (one of them can be empty) such that W1(A,Bλ) = W2(A,Bλ). Note
that the shortest nontrivial relations are of the form

Ak1Bk2

λ Ak3 = Bk4

λ Ak5Bk6

λ
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and if

λ =
1

2

(

1

k3k6
− 1

k4k5
− 1

k5k6

)

, k1 =
k5k6
k2

, k2 =
k4k5
k3

(4)

for any natural k1, · · · , k6 then λ is semigroup nonfree point (compare [4] Theorem
3.04).

Property 3.1. The set of λ satisfying (4) has limit points −1, 1

2
, 1

2a
, − 1

2a
− 1

2b
and

1

2a
− 1

2b
for any positive integer a and b.

Proof. The fact that the numbers −1, 1

2
are limits of nonfree points follows from [4],

Theorem 3.04.
If k6 = k4 = 1 and k3 = a then

lim
k5→∞

1

2

(

a−1 − k−1

5
− k−1

5

)

=
1

2a
.

If k5 = 1, k4 = a and k6 = b then

lim
k3→∞

1

2

(

(k3b)
−1 − a−1 − b−1

)

= − 1

2a
− 1

2b
.

If k6 = 1, k3 = a and k5 = b then

lim
k4→∞

1

2

(

a−1 − (k4b)
−1 − b−1

)

=
1

2a
− 1

2b
.

⊓⊔

In [4], Brenner and Charnov investigated mainly in the semigroup sgp(Cµ, Bµ); we
reformulate Theorems 4.1–4.6, 5.1, 5.2 and 6.1 from [4] to the semigroup sgp(A,Bλ);
the reason is to collect finally all results concerning semigroup free and nonfree points
in the common picture.

Theorem 3.2.

(1) The nonfree points λ are dense on [−2, 0] and are arbitrarily close to 1

2
.

(2) If the word W (A,Bλ) has finite order and length not greater than 4 then λ is real
and negative.

(3) Let n be a nonzero integer. Then sgp(A,Bλ) has torsion element for λ ∈
{− 1

2n2 ,− 1

n2 ,− 3

2n2 }.
(4) If λ is real and positive then sgp(A,Bλ) is torsion free.

(5) If λ = − p2

2q2
, p and r are nonzero integers and p 6= ±1, gcd(p, q) = 1 then

gp(A,Bλ) (and hence sgp(A,Bλ)) is torsion free.
(6) Let n be an integer. Then sgp(A,Bλ) is not free if λ = ± 8

n2 for n > 4.

(7) Let
√
2λ be a primitive r-th root of 1. Then sgp(A,Bλ) is free if and only if r 6= 4.

Fact given in Theorem 3.2 (7) was proved in [4], Theorem 6.1, for all the cases except
q ∈ {3, 6}. Observe that (cos(2π/3) + i sin(2π/3))/2 and (cos(4π/3) + i sin(4π/3))/2
are free points by Theorem 2.4, because the parabola 8λ1 = 1 − 16λ2

2
includes such

λ’s.
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The following equality

Ak1Bk2

λ Ak3Bk4

λ Ak5Bk6

λ = Bk6

λ Ak5Bk4

λ Ak3Bk2

λ Ak1

holds if and only if

4k1k2k3k4k5k6 λ
2 +

+ 2
(

k1k2k3k4 + k3k4k5k6 + k1k2k5k6 + k1k4k5k6 + k1k2k3k6 − k2k3k4k5
)

λ+

+ k3k4 + k1k2 + k1k4 + k5k6 + k1k6 + k3k6 − k2k5 − k4k5 − k2k3 = 0 (5)

and the equality

Ak1Bk2

λ Ak3Bk4

λ Ak5Bk6

λ Ak7Bk8

λ = Bk8

λ Ak7Bk6

λ Ak5Bk4

λ Ak3Bk2

λ Ak1

holds if and only if

8k1k2k3k4k5k6k7k8λ
3 +

+ 4
(

k5k6k7k8k1k4 + k5k6k7k8k3k4 + k5k6k7k8k1k2 + k5k6k1k2k3k4 +

+ k7k8k1k2k3k4 + k5k8k1k2k3k4 + k6k7k8k1k2k3 − k5k6k7k2k3k4
)

λ2 +

+ 2
(

k5k6k7k8 + k5k6k1k2 + k5k6k3k4 + k5k6k1k4 + k7k8k1k2 + k7k8k3k4 +

+ k7k8k1k4 + k1k2k3k4 + k5k8k1k2 + k5k8k3k4 + k5k8k1k4 + k8k1k2k3 +

+ k6k1k2k3 + k6k7k8k1 + k6k7k8k3 − k7k3k4k2 − k5k2k3k4 − k5k6k7k2 −
− k5k6k7k4 − k6k7k3k2

)

λ+ k8k1 + k8k3 + k6k1 + k6k3 + k1k2 + k3k4 + k1k4 +

+ k5k8 + k7k8 + k5k6 − k7k2 − k7k4 − k5k2 − k5k4 − k6k7 − k2k3 = 0. (6)

We have used a computer program to make a graphical visualisation of nonfree points
based on Figure 6 and then we get Figure 7. Light grey points are roots of the
polynomial (5), evaluated for k1, k4, k5, k6 ∈ {1, . . . , 20} and k2, k3 ∈ {1, . . . , 200}
and roots of the polynomial (6) for k1, . . . , k8 ∈ {1, . . . , 13} and for k1, k4, k5, k8 ∈
{1, . . . , 4} and k2, k3, k6, k7 ∈ {1, . . . , 50}.
Property 3.3. In the Figure 7:

(1) Light grey points mark area where the set of semigroup nonfree points is “almost
dense”.

(2) White points inside the quasi-rhombus mark area where the set of nonfree points
is “almost dense”. All this points are semigroup free.

(3) Points outside the grey area are semigroup free.
(4) White points outside the quasi-rhombus are free.

There are still much of complex numbers we don’t know if they are semigroup free
or not – for example, some algebraic numbers from the quasi-rhombus in the Figure 7.
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Fig. 7
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